Machine condition monitoring and diagnosis have become increasingly important, and the application of these processes to stationary structures and rotating machinery has been widely investigated. The authors previously proposed a stepwise diagnosis method. In that method, the location of the abnormality is first estimated using the force identification approach, and then the cause and the severity of the abnormality are identified. But the method was applicable for an abnormality of linear property. In this study, a stepwise diagnostic approach for a beam with an abnormality of nonlinear property, that is, a breathing crack, is proposed. In this method, the location and the severity of abnormality are identified by using the multi-frequencies of response under the abnormal condition. Using the numerical example of a uniform beam fixed at both ends, we confirmed the validity of the method and determined that the selection of the excitation frequency was very important. Moreover, we showed the applicability of the method by using experimental data. We conclude that the proposed diagnosis method is feasible for identifying the abnormality of a breathing crack.
Introduction
Machine condition monitoring and diagnosis have become increasingly important, and the application of these processes to beam structures and rotating machinery has been widely investigated. At the early stage of diagnosis, abnormal data is encountered, and a primary diagnosis is required to identify the location, the cause and the severity of the abnormality.
There have been many studies about the primary diagnosis of abnormality. Some of them use a knowledge-based approach, i.e., an expert system in which fault-symptom matrices, if-then rules, fuzzy logic or neural networks are used (1)- (5) . Others use a model-based approach in which the abnormal response is calculated from a mathematical model having a certain cause of abnormality with its adequate severity, and the residual between the measured and calculated response is checked; the correct cause and the severity of abnormality can then be identified as the cause and the severity leading to the minimum residual. Many studies use a model-based approach to the crack diagnosis of a beam (6) - (15) and to the crack or unbalance diagnosis of a rotor system (16) - (19) . The authors previously proposed a stepwise primary diagnostic method (20) that was a model-based approach. At the first step of the method, the location of abnormality is estimated using the force identification approach. At the second step, the cause and the severity of abnormality are identified using the mathematical model having a certain cause and severity of abnormality. The distinguishing feature at the estimation process of the location of abnormality is that the abnormality is considered as a virtual additional external force in the early stage of abnormality. A numerical example showed that the location, the cause and the severity of abnormality could be identified with sufficient accuracy, and that this method was useful for primary diagnosis. This was the original study of our stepwise diagnosis method. The abnormality considered in the study was the one with a linear property, i.e., an additional mass or a change of rigidity, and the method was applied to a simple structure like a uniform beam.
As a next step, we developed a new diagnostic approach to increase the robustness of our stepwise diagnosis method, where the mathematical model was modified based on the difference between the measured response and the calculated one (21) . The validity and applicability of the proposed method were shown for the experimental data of a free-free uniform beam. The authors also proposed a new regularization method in the force identification procedure, and the method was proved to be feasible for actual application (22) . As another application of the diagnosis method, we considered a rotor system (23) . Experiments showed that the method was valid in the abnormal cases of unbalance and stationary rubbing.
In this study, we propose a stepwise diagnostic approach specifically for a beam with an abnormality of nonlinear property. As an example of abnormality, a breathing crack is considered in this study, but the method is applicable for other causes of abnormality. The forced response of a beam under the normal condition is synchronous with the external force, but in the case of a beam with a breathing crack, the characteristic frequency components of the forced response can be observed under the specific frequency of the external force. We propose a new estimation method of the location of abnormality from the multi-frequencies of response under the abnormal condition using a force identification approach.
We used a numerical example to check the validity of our method. A uniform beam fixed at both ends was considered, and a breathing crack was modelled as an equivalent spring (24) . The forced response was calculated by using the finite element method (FEM) based on the mixed variational principle (25) . After that, the applicability of the method was investigated using the experimental data.
In this study, we considered the breathing crack as an abnormality, while our method isn't limited to the one. We are able to consider the various causes of abnormality at the diagnosis process.
Proposition of a fault diagnosis method
In this section, we describe how the stepwise diagnosis method (20) is improved for a beam with a breathing crack.
Construction of the mathematical model
In previous studies (20)-(23) , the structure to be diagnosed was modelled as having no damping, because the response data far from the resonance frequency, r ω ,was almost the same in the cases with and without damping for a structure with slight damping.
In the case of a breathing crack, the secondary resonance will occur near the half of the resonance frequency. In our diagnosis procedure, the frequency of the external force, ω , is set near the half of r ω , and the secondary resonance will be utilized. The frequency of the secondary resonance is near r ω . Thus, the virtual additional external force of frequency,
, has to be identified, so that the structure is modelled with damping. In this diagnosis system, a vibration test will be performed at regular intervals to monitor the health of the structure. The external force for the vibration test can be measured, and the responses are measured at several points. The mass matrix, [ ] M , the damping matrix, [ ] D , and the stiffness matrix, [ ] K , of the structure under the normal condition have been constructed in advance by using the FEM, and they are modified by the model update procedure so that the calculated response agrees with the experimental one.
A harmonic excitation with frequency ω is considered as the external force. The equation of motion and the output equation under the normal condition are obtained as follows: C is the coefficient matrix that expresses the measurement positions.
Estimation of the location of abnormality
In the abnormal condition, the response changes because the dynamic characteristics change due to abnormality, even if the same external force acts on the structure in the vibration test. And if the abnormality has a nonlinear property, the response under the abnormal condition may have various frequency components. For example, in the case of a breathing crack on the beam, because the rigidity at the crack location changes twice during one period, not only the synchronous component of the external force, ω , but also the second-order component ω 2 can be observed. When the excitation frequency is near the half of the resonance frequency of the beam, the ω 2 component is significantly excited, and that is the secondary resonance.
In this study, the change of response is considered to be the result of a virtual additional external force exerted on the normal structure. Under the normal condition, the frequency component ω of the response can be observed for the harmonic excitation with frequency ω , while under the abnormal condition of a breathing crack, the frequency components ω and ω 2 in the response can be measured for the same excitation condition. Therefore, the next equations are obtained:
Here there is no component ω 2 under the normal condition; the second-order
. Moreover, an abnormality in the early stage occurs locally in the structure, so the additional external force is considered to act only on the i -th element of the FEM. The force elements can be identified using the relationship are the additional external force to be identified. The singular value decomposition is applied to solve Eq.(4). Even if some singular values are significantly small, in the ideal condition without measurement noise and modelling error, the exact response changes can be obtained. In the actual application, however, because measurement noise or modelling error cannot be avoided, the truncation of small singular values is needed when the compliance matrices [ ] 
, are calculated for every element number i , as follows:
(5) where • means the Euclid norm, and it is considered that the abnormality will occur at the element where 1 , ω J and 1 , 2ω J are significantly small. When the ideal mathematical model is constructed and the response data without noise can be used, the element number where the objective functions are small is expected to be the same for J .
Identification of the cause and the severity of abnormality
After the location of abnormality is estimated as the I -th element, we consider the possible causes of the abnormality. One cause is set as ( j ). A mathematical model with the cause of abnormality ( j ) having a certain severity in the I -th element is constructed.
In this study, because the nonlinear phenomenon, which is a ω 2 component, is observed under the abnormal condition, the possible cause of abnormality may have a nonlinear property. In this case we can obtain the synchronous and the higher-order components with the excitation frequency from the calculated response. 
The nonlinear forced responses are obtained by a usual calculation method, i.e., the method of multiple scales, the method of harmonic balance and so on. The next objective functions, , are calculated as follows:
and the cause and the severity of abnormality are identified when 
Validity of the proposed method
We first checked the validity of the proposed method by using a numerical example. Figure 1 shows the model to be diagnosed, which consists of a uniform beam fixed at both ends whose length, l , is 800.0 mm, width, w , is 15.0 mm, and thickness, t , is 10.0 mm.
A beam structure to be diagnosed
To construct a mathematical model, we divide the beam into 80 elements and use the FEM to obtain the characteristic matrices using a beam element. The proportional damping 20 40 
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Vol. 5, No. 7, 2011 is 10.0 N. The responses are measured at four points, which are 100 mm, 250 mm, 500 mm, and 650 mm from the left end.
Modelling of the breathing crack
In this study, we considered a breathing crack as an abnormality, the modelling of which we explain here. When a beam with a breathing crack vibrates, the crack opens and closes repeatedly. The opening and closing of the crack depends on the sign of the bending moment at the crack location. When the crack opens, the flexural rigidity at the crack 20 40 60 80 -8 Vol. 5, No. 7, 2011 location decreases locally, so we model the decrease in the flexural rigidity by an equivalent spring, as shown in Fig. 2 (24) . The equivalent spring constant, c k , is expressed as follows:
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where ν is the Poisson ratio, EI is the flexural rigidity, α is the ratio of the crack depth to the beam thickness, and the function ( ) α φ is expressed as follows: ( ) 10 
We assume that the flexural rigidity of the beam is the same as that of the beam without a crack when the crack is closed. Moreover, we assume that the crack does not affect the mass of the beam.
Normal and abnormal responses
The steady-state response of a beam with a breathing crack was calculated by using the FEM based on the mixed variational principle. The method was developed by K. Kamiya and T. Yoshinaga (25) . As an alternative method, the dynamic response was calculated by a numerical integration of the differential equation, and we confirmed the agreement of the results obtained by these two methods.
In the normal case, the amplitude of the steady-state response is as shown in Fig. 3 when the magnitude of the external force is 10.0 N. The results of a beam with a breathing crack with a ratio of the depth α =0.5 is shown in Fig. 4 , and that for a ratio of the depth α =0.3 is shown in Fig. 5 . The crack is located at 300 mm, 350 mm, 400 mm, or 450 mm from the left end, and the corresponding node numbers are 30, 35, 40, and 45, respectively. For all cases, when the excitation frequency is near 40.0 Hz, which is a half of the resonance frequency, the second-order harmonics is significantly excited, which is the secondary resonance. In this study, we are actively utilizing this phenomenon.
Estimation of the location of abnormality
The location of abnormality was estimated by the diagnostic method described in Sec. 2.2 using the response data without noise. In the inverse analysis of Eq. (4), three singular values in [ ] ) (ω H were adopted, because the crack location was set between the second and the third sensor. In our previous study (22) , we determined that the optimum number of the singular value depends on the sensor location and the location of abnormality.
First, we identified the location of abnormality at the excitation frequency where the indicates that the exact location of abnormality can be obtained. In Fig. 6(a) , the objective function
show the minimum value. This is because the frequency ω 2 is very close to the resonance frequency where the vibration shape is similar to the first vibration mode, and thus, wherever the additional force acts on the beam, the vibration shape does not change. This result indicates that the frequency where the ω 2 component is most excited is not always appropriate for the excitation frequency for diagnosis. The relationship of the excitation frequency and the accuracy of diagnosis is important for an actual application. The quantitative consideration will be a future study.
Next, we identified the location of abnormality at 40.0 Hz, and the results are shown in Figs. 8 and 9 . These figures show that the location of abnormality could be estimated for all cases, and the final results as the smallest objective function are shown in Table 1 . This result shows that the excitation frequency for a vibration test has to be carefully selected for actual application. There is no quantitative instruction for selecting the excitation frequency, so that trial and error will be necessary for actual application.
The next step is the identification of the cause and the severity of abnormality. At the step, the mathematical model having a possible cause of abnormality with its adequate severity is constructed, and then the response is calculated using a numerical method. In the numerical example using the ideal data without noise, it is clear that the exact cause and severity of abnormality can be easily obtained when a crack is assumed as a cause of abnormality. Therefore the next step is to check the validity of the identification of abnormality using experimental data. 
Applicability of the proposed method
To check the applicability of the proposed method, we diagnose the actual beam with a breathing crack.
Experimental setup and its mathematical model
A uniform steel beam (SS400) fixed at both ends is used as shown in Fig. 10(a) . An exciter (IMV m030/MA1) is connected with the beam as shown in Fig.10(b) at the center of the beam. A load cell (PCB 20801) is attached between the exciter and an attachment. The beam is 800.0 mm long, 15.0 mm wide, and 10.0 mm thick. The properties are the same as the numerical example, but the coefficient of damping is set as 7.8 × 10 -6 sec. Four accelerometers (PCB 353B15) are attached to the beam at 100 mm, 300 mm, 450 mm, and 650 mm from the left end.
The mathematical model in the normal condition was constructed using the FEM. The beam is divided into 160 elements, and the masses of the attachment, 18.31 g, and the accelerometers, 2.48 g, were considered in the mathematical model. Both ends were fixed in the translation and supported elastically in the rotation. The properties of the rotational springs were determined to agree with the experimental data, l k θ = r k θ =5.125 × 10 4
Nm/rad. The frequency response function at 450 mm from the left end is shown in Fig. 11 . As shown in this figure, the resonance frequency was 77.5 Hz in the normal condition. Next we explain the breathing crack. The depth of the crack is 40% of the beam thickness, and it is located 350 mm from the left end, between the 70th and 71st elements. The beam was cut to a depth of 4.0 mm at the 71st element, and a steel piece of 15 10 5 × × mm was put into the groove, as shown in Fig. 12(a) . Two sides of the groove were bonded with the piece, while one side was free, as shown in Fig. 12(b) . The piece is 6 mm larger than the depth of the groove, because the piece and the groove are perfectly connected over the groove. Therefore, in the normal condition, an additional mass was considered at the 71st element in the mathematical model and the experimental setup.
Estimation of the location and severity of abnormality
From the vibration test, we observed the second harmonics of the external force around 40.0 Hz. We set the excitation frequency as 39.0 Hz (= 0 ω ), and the response is shown in Fig. 13 . In the normal condition, the magnitude of the external force at 0 ω was 12.6 N, so the magnitude of the response was divided by 12.6 N and the 0 2ω component was also divided by 12.6 N. In the abnormal condition, the magnitude of the external force at 0 ω was 40.5 N, so the components 0 ω and 0 2ω were divided by 40.5 N. The response change was determined by the compliance data so that the difference of the magnitude of the external force for the normal and the abnormal condition had no effect on the identification of the location of abnormality. Using these data, the location of abnormality was identified, and the result is shown in Fig. 14. As shown in Fig. 14 shows a significantly small value at the 69th and 70th elements. Therefore, we recognized that an abnormality might occur at the 69th or the 70th element.
We next identified the cause and the severity of the abnormality. From the abnormal response, we assumed that the cause had nonlinear property, and in this study we assumed that a breathing crack was the cause of the abnormality. A breathing crack occurs at a nodal point, so the location of the breathing crack was set at the 70th nodal point, between the 69th and 70th elements. The abnormal response under the breathing crack was calculated by using the FEM based on the mixed variational principle (25) .
The objective functions , and thus the final result is determined to be 34% in this case. In this example, we decided the final result as above because this is a primary diagnosis. For more accurate diagnosis result, a precise diagnosis approach, which is, for example, a nonlinear analysis of the beam with multiple causes, will be needed.
The exact abnormality is a breathing crack of 40% at the 71st nodal point, while the identified one is a breathing crack of 34% at the 70th nodal point. In our previous studies (20) - (22) , the abnormality was an additional mass, and it could be easily realized in the experiment, while the breathing crack was difficult to realize. We consider that the diagnosis result was slightly incorrect with the exact one because the response change was not caused only by a breathing crack.
Moreover, in this experiment, the breathing crack was located at the nodal point while a crack will be located not only at the nodal point. At that time, the element which includes the crack location will be estimated as the location of abnormality, and then, the crack is assumed at each end of the element and the severity of the crack will be identified.
Conclusion
In this study, a stepwise diagnostic approach for a beam with an abnormality of Journal of System Design and Dynamics Vol. 5, No. 7, 2011 nonlinear property, that is, a breathing crack, was proposed. In that method, the location and the severity of abnormality were identified by using the multi-frequencies of response under the abnormal condition. Using the numerical example of a uniform beam fixed at both ends, the validity of the method was confirmed, and we determined that the selection of the excitation frequency was very important. Moreover, the applicability of the method was confirmed by using experimental data. Therefore, we conclude that the proposed diagnosis method is feasible for actual applications with breathing crack abnormalities.
